Vol. 18 No. 3 CHINESE JOURNAL OF CHEMISTRY

Expansion of potential ;1— of atomic systems in hyper-spherical
12
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The expansion coefficient C7;, of Coulomb potential ;1— of
2
atomic system in hyper-spherical harmonics is derived and the

explicit expression is given.
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Introduction

In calculating the matrix elements of potential ?1‘
i
with hyperspherical bases, it is often needed to expand

-rl—ij in hyperspherical harmonics. Whitten' expanded %12
of helium atom in D functions, the representation basis
functions of U, group. Fabre’ and Avery® exposited the
expansion in detail although they did not give explicit
expression of the expansion. But no explicit coefficient
of the expansion is available.

In this paper we derive the explicit expression of

the expansion of % . The explicit expression of the ex-
12

pansion of % can be obtained from the expansion of ri
i 12

by permutation operation.*

Fourier transform
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For an N-particle system the non-relativistic
Schrodinger equation is

where V is the interaction potential
N

V:—Z%v+2i_l", (2)

i=1 i i i<y Ty

and m; (i =1 to N) are the masses of particles.
Defining the mass scaling coordinates

& =«/ﬁ-9ﬁ 3)

Eq. (1) becomes

{—%:vg+ V-Elw=0 (@

i

Eq. (4) can be considered as one-particle with unit

mass moving in 3 N-dimension space.

The Fourier transform of 1 is

T2
1 ~ 1 ~ 1 3 e”—"(ﬁrﬂz)
2 lx -2 222 k2
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Udkdﬂke”i <¢— J_z (5)

Introducing 3 N-dimensional vectors

_E = (_519 §21 09 0’ Tty 0)

L< = (L(la L<2s Oa 0, Ty O) (6)
‘where
1
K, = k
v my
K=-——1k (7)
my

Eq. (5) is reduced to

L ”dkd()ke”—‘ & (8)

2 2x?

In non-regular hyper-spherical harmonic function, the D

=3 N dimension vectors are first transformed to

_Igi = KinK. i =1,2,-N (9)

where ne, and ;;Ki are the unit polar vectors of vectors §;
and K;, respectively. Eq. (7) shows that the direction
of K, is the same as that of k, and that of K, is in the
opposite direction of k.

Transforming to hyperspherical coordinates we write

Ev = Ecosyy
sN—l = Ssinchosmv_l
...... (10)
§ = Esinyysinyy_; - -sin7;,cos;
&, = Esinyysingy_;**-sinyzcos,
El = EsinqNsinqN_l"'simy3sin1]2.
Since &, &, ***, §v =0, we have
)73:774="=17N=% (11)

and

&, = Ecosy,
& =6+ 8
In the same way we can write
Ky Kcosrl(K)
Ky_, = K51n7]§VK)cos77
...... (13)
K; = Ksinr;%K)sm?yva_) s1n77$f%cos17§K)
K, = KsinqSVK)sm?ygVK), s1n17§K)cos77§K)
K, = Ksinr]gvK)smngK_) 51n77§K)sm7]§K)
we also have
77§K) = 17‘(1K) = = 77§VK) =0 (14)
and
K, = Kcos77 {5
Kl = Ksinp$® (15)
= K+ K5
In conjunction with Eq. (7) we have
2
=k (16)
©
where the reduced mass
mimy
# = mp; + myp (17)
Again,
k = icosr]gm

or

m
oot = e
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Thus, cosréK) is a constant dependent on the masses of  Expansion in hyperspherical harmonics
(K)

the particles. In the case of m; = m,, we have cos1p
1

- V2 harmonics ;

Eq. (8) can be further expanded in hyperspherical
3

D
i L (27725 -L *
ra zn_zﬂdkdﬂk (Kg)li)—luzuj i ‘I'|L|(-Q)‘I’nL|(Qk)JIE’+L_1(KE)

E CIDL!\PILI(Q)

HLI

(19)

set of quantum numbers and L is the first one of the

where D =6, ¥,;,(02) and V|7, (2) are hyperspher-
set. Jli) +1-1(KE&) is spherical Bessel function, and

ical harmonics in & and K spaces respectively, | L] is a

D_,. *
Chu = 22m3-2 [akde, — 5w, Q) I, (Ke) (20)
(Kg)2™! ?
The hyperspherical harmonic ¥/ (£,) is given by
WL (k) = NyP(sinnd®) i (cospiF)) 2 PP (cos2 p$®))
X Yltyl(QKl)Yl;yz(aKz) (21)
1
. .. a =l + 5
where N%* is the normalization constant , 2
P%P(cos2n§X)) is Jacobi polynomial and B=1+ % (22)
Eq. (20) can be written as
4 b
c?, = 2(2zr)l_2)‘2iLN‘,’,’ﬂ( 2 )2( T )2
m; + my m; + my
+l’l’,+l( m; — m2)J 1
x Pit2:h+a —— dk (Ks)g_llg+L-1(K$)
x [d0¥;, (@Y7, (- 0). (23)
From Eq. (16) the integration over k can be written as
(with p= )
with p i
f . Vaf, 1
ldk (KE)g_IJI%J,L-l(Ke) ="z ldﬂ pz_z)_l-lg»,l,_l(:o)
L 1
r($+7) Jz (28)

Cdr(L, D 1)
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The integral of the angular part can be easily carried out

Jaaui, @i, (- )

Since L =2n+ I, + I, Eq. (25) indicates that

it = (- D" (26)

(- l)lzjdﬂkylt#l(ak) Y, ()

(— 1)l2611,128‘u (25)

17#2

Combining Eq. (23), (24), (25) and Eq. (26), we
get the expression of the expansion coefficient C7;; as

!
_2 4
CII)LI = M(_ l)anl+2,lz+2(__L) 2
13 my + my
L 1 D
P’1+%Jz+%(”“ - "‘2) ﬁp( 2 " 2) . 27)
X Tn mi+m) (L, D _ 1) hobOmom = g
2t 272
and thus
1 _ i”dkdakei’é'f -1l e ) (28)
ro  2x? & r b T b
1

where C? 1, is the coefficient of £ in C? I, -
Conclusion

In conclusion, we have expanded the Coulomb po-

tential % of atomic system in terms of hyper-spherical
12

harmonics. We have expressed the expansion coefficient
C?,, in terms of Jacobi polynomials.

References

1. Whitten, R.C., Math. Phys., 10, 9(1969).

2. Fabre De LaRipelle, M., Ann. Phys., 147, 281(1983).

3. Avery, J., Hyperspherical Harmonics: Application in Quan-
tum Theory , Kluwer Academic Publishers, New York, 1989.

4. Deng, L.; Li, D.; Wang, Y.; Deng, C., Phys. Rev.,
AS1, 163(1995).

(E9910141 JIANG, X.H.; LING, J.)



